It is a well known fact that if C is an [n, k, d] formally self-dual even code with n > 30, then d ≤ 2[n/8]. A formally self-dual even code with d = 2[n/8] is called nearextremal. Kim and Pless [9] conjecture that there does not exist a near-extremal formally self dual even (not Type II) code of length n ≥ 48 with 8|n. In this paper, we prove that if n ≥ 72 and 8|n, then there is no near-extremal formally self-dual even code. This result comes from the negative coefficients of weight enumerators. In addition, we introduce shadow transform in near-extremal formally self-dual even codes. Using this we present some results about the nonexistence of near-extremal formally self-dual even codes with n = 48, 64.
Introduction
A binary linear [n, k] code C is a k-dimensional vector subspace of GF (2) n , where GF (2) is the finite field of two elements. The elements of C are called codewords. The weight of a codeword is the number of non-zero coordinates. The minimum weight of C is the smallest weight among all non-zero codewords of C. An [n, k, d] code is an [n, k] code with minimum weight d.
The scalar product in GF (2) n is defined by
where the sum is evaluated in GF (2) . The dual code of a binary linear code C is defined by
If C = C ⊥ , we say C is self-dual. There are two types of binary self-dual codes: Type II, the doubly-even codes where all weights are divisible by 4, and Type I, the singly-even codes where some weights are also equivalent to 2(mod 4).
The weight enumerator of a binary linear code is given by
where there are A i codewords of weight i in C. There is a bound on the minimum distance of a f.s.d. even code [8] . It is a well known fact that the weight enumerator of a f.s.d. even code W C (X, Y ) is the following (cf. [11] ).
for suitable constants c i . If 8|n and C is near-extremal, then (4) can be rewritten as the following.
In (5) In summary, if n ≥ 40, 8|n, and n = 72 then it is an open problem whether there exists a near-extremal f.s.d. even (not Type II) code. Kim and Pless [9] conjecture that there does not exist a near-extremal f.s.d. even (not Type II) code of length n ≥ 48 with 8|n.
In this paper, we prove that there does not exist a near-extremal f.s.d. even code with n ≥ 72, 8|n in section 2. This result comes from the negative coefficients of weight enumerators. In section 3, we introduce shadow transform in near-extremal formally self-dual codes. Using this as well as the negative coefficient of weight enumerator, we prove that there does not exist a nearextremal f.s.d. even code with n = 48, c 6 = −2 11 and n = 64, c 8 = ±2
15
. In section 4, we give some remarks.
Main Result
In this section, we prove that there does not exist a near-extremal f.s.d. even code with n ≥ 72, 8|n. The idea of the proof is similar to the one of S. Zhang's paper [14] . We will prove that A 2[n/8]+2 is negative in W C (X, Y ) for the nearextremal f.s.d. even code with n ≥ 72, 8|n.
Let C be a [n, n/2, 2[n/8]] near-extremal f.s.d. even code with 8|n. Let n = 8t, and to simplify notations, we replace X by 1 and
where
. (6) can be restated by
in powers of ϕ using the Bürman-Lagrange theorem [10] :
where α 0 = 1, and
for s ≥ 1. Comparing (7), (8) we have
and
Equating coefficients of y t and y t+1 in (11) gives
It can be proved that −α t + c t is positive for all the possible values of c t . Thus we have A 2t > 0. But from (13), we have the following lemma.
Lemma 3 A 2t+2 < 0 if and only if α t+1 > 2t(α t − c t ).
To obtain main theorem, we prove the following two lemmas.
it is sufficient to prove that α t+1 > 2t(α t + 2 2t−1
). From (9),
Thus it is sufficient to prove the following.
(16) is equivalent to (17).
2(t + 1)
To prove(17), we use the following inequalities.
By induction, we can obtain (19).
(t + 1)2
By the following well known identity
we can prove (21)
Finally we use the following simple inequality
By (18), (19), (21), (22), to prove (17), it is sufficient to prove the following inequality
(23) is proved by (24), (25).
We can see that if t ≥ 16, then α t+1 > 2t(α t − c t ).
Proof : By direct calculation using (14) and (15) In this section we prove that there does not exist a near-extremal f.s.d. even code with n = 48, c 6 = −2 11 and n = 64, c 8 = ±2
15
.
Let C be a [n, n/2, 2[n/8]] f.s.d. even code with 8|n . We denote the set of doubly-even vectors of C by DE and the set of singly-even vectors of C by SE. Clearly
By substituting X = 1 and Y = i into (4) (cf. [9] ), we get
Thus we have the following result
Let c n/8 = (−1)
. By the following theorem [1] , DE is a subspace of C. Since DE is a subspace of C, we can use the idea of shadow code [3] . To begin with, we have
By the MacWilliams identity [13] ,
Therefore,
Then
W S(C) (X, Y ) is similar to the shadow code in Type I self-dual codes [3] . For this reason, we name
By (33), we prove the following lemma. . Let
Then the following holds:
Proof : (i), (ii) is clear. For (iii), note that there is no codeword of weight i,
We are ready to prove our additional results. Proof : By (4), (32),
where c 0 = 1, and c i is given by (10) for 1 ≤ i ≤ n/8 − 1. We calculated W S(C) (1, Y ) for n = 48, c 6 = −2 11 and n = 64, c 8 = −2 15 using (35).
Above two equations are in contradiction to lemma 8. So, we have proved the cases of n = 48, c 6 = −2 11 and n = 64, c 8 = −2
. For the remaining case n = 64, c 8 = 2
, we can obtain the negative coefficient A 18 in the weight enumerator by similar calculation as in the proof of lemma 5. If C is a Type I self-dual code, then DE is a subspace of C. Using this fact, Conway and Sloane [3] introduced shadow codes and improved minimum distance bound for Type I self-dual codes. There are further improvements of minimum distance for Type I self-dual codes and additive self-dual codes over GF (4) using shadow codes [7, 12] . But in f.s. 
